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1 Introduction 



Recently an infinite class of bosonic and fermionic solutions of the symmetry equation of the 
two-dimensional = (1|1) superconformal Toda lattice equation was constructed in [|T], 0. 
These solutions generate bosonic and fermionic flows of the = (1|1) supersymmetric Toda 
lattice hierarchy in the same way as their bosonic counterparts - solutions of the symmetry 
equation of the Toda equation - produce the flows of the bosonic Toda lattice hierarchy. The 
symmetry equation is a complicated nonlinear functional equation, and its general solution is 
not known. In this respect one cannot exclude that beside the solutions found in [jl], 0] there are 
other solutions of the symmetry equation which could be responsible for additional flows of the 
hierarchy. Moreover, most probably such solutions do exist. Indeed, if one remembers that the 

= (1|1) superconformal Toda lattice equation actually admits an = (2|2) superconformal 
symmetry one can suppose that its one- dimensional reduction - supersymmetric Toda chain 
equation - possesses a global A^ = 4 supersymmetry. In this respect it seems interesting to 
develop the Lax-pair representation method for the supersymmetric Toda chain hierarchy which 
is stiU unknown, aiming at the description of as many of its flows as possible. This is the main 
goal of the present paper. 

Using a dressing formalism, we construct the Lax-pair description of the supersymmet- 
ric Toda chain hierarchy and observe new series of both fermionic and bosonic flows at our 
knowledge unknown before. We show that it represents a reduction of the supersymmetric KP 
hieararchy in the N = 2 superspace which actually possesses an A^ = 4 supersymmetry. We 
also derive its infinite-dimensional algebra of flows and demonstrate that it indeed contains a 
global A^ = 4 supersymmetry algebra including its gl{2) automorphisms. Due to this reason we 
call this hierarchy the A^ = 4 supersymmetric Toda chain hierarchy. The Lax operators that we 
propose possess a peculiarity which make them different from all other Lax operators applied 
earlier to the description of integrable supersymmetric systems in the N = 2 superspace (for 
recent papers, see 0-|2^ and references therein): they are not invariant with respect to the 
f/(l) automorphism of the N = 2 supersymmetry. As a byproduct we propose an infinite family 
of new reductions of the well known supersymmetric KP hierarchy in the N = 2 superspace 
which lead to U{1) non- invariant Lax operators. 

The paper is organized as follows. In section 2 we develop tools for the Lax-pair description 
of integrable systems with A^ = 4 supersymmetry. Thus, in the framework of the dressing 
approach we give the description of the supersymmetric KP hierarchy in the N = 2 superspace 
and demonstrate that it actually is A^ = 4 supersymmetric. In section 3 we construct a zero- 
curvature representation for the A^ = (2|2) superconformal Toda lattice equation and use it 
to derive the Lax operator generating the bosonic flows of the supersymmetric Toda chain 
hierarchy. Then, in section 4 we use this Lax operator to construct a consistent reduction of 
all other flows of the A^ = 4 supersymmetric KP hierarchy preserving its algebra structure, 
and show that the reduced hierarchy - supersymmetric Toda chain - possesses an A^ = 4 
supersymmetry. In section 5 we discuss its finite and infinite discrete symmetries, and use them 
to obtain new Lax operators. In section 6 we construct its local and nonlocal Hamiltonians, 
the first two Hamiltonian structures and the recursion operator. In section 7 we obtain the 
[/(l)-automorphism transformations for all the flows and derive a new Lax operator. In section 
8 we establish a relationship between the A^ = 4 Toda chain hierarchy and A^ = 2, o; = —2 
KdV hierarchy. In section 9 we propose a generalization of the A^ = 4 KP and Toda chain 
hierarchies in the matrix case. An appendix contains a realization of the algebra of flows of the 
A^ = 4 supersymmetric KP hierarchy. 
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2 N=4 supersymmetric KP hierarchy 

In this section we discuss the hierarchy which is usually called the N = 2 supersymmetric KP 
hierarchy and focus on the remarkable fact that it actually possesses an iV = 4 supersymmetry 
algebra. 

Our starting object is the N = 2 supersymmetric dressing operator W 

oo 

W^I + Y: (^f + + wl-^D_ + wil^D^D^) d-\ (1) 

n=l 

where all the functions Wn = Wn{Z) involved into W are N = 2 superfields in the superspace 
Z = (z, 6~^, 6~), and D± are fermionic covariant derivatives which together with the supersym- 
metry generators Q± form the algebra[| 

{D±, D^} = +2d, {Q±, Q±} = -2d (2) 

with the standard superspace realization: 

D^^^ + e^d, Q^^^-e^d. (3) 

Our aim is to construct a maximal set of consistent Sato equations for the dressing operator 
W which are the flows of the extended supersymmetric KP hierarchy in the N = 2 superspace. 

Keeping this in mind, we first construct all linearly independent linear differential operators 
defined in the N = 2 superspace which are then dressed by the operator W. As a result we 
obtain the operators 

L^ = WD±^w-\ m;^ = wq±^w-\ n;^ = W^[9^, D±]d^w-\ 

Ni = -W{e+D^ + e^D+)d^W~\ Ni = w^{e-{D+ + g+) - e+{D^ + Q^))d^W-^ (4) 

with the obvious properties: 

Lf^iLfy, M±^(M±y, L+ ^ = (-1)'M+ ^ (-1)^7 (5) 

which will be useful in what follows. 

Second, using the operators (^) we construct the consistent Sato equations for W 

i^W = -iL^i)-W, UtW = -iNt)-W, 
UiW = -iNi)_W, UiW = -(Ni).W, 

DfW = -{Lt,_,)-W, QfW = -{Mti^,)^W, (6) 

where the subscript — ( + ) denote the purely pseudo-differential (differential) part of the 
operator. The bosonic (fermionic) evolution derivatives {^, Uf^, Ui, Ui} ( {D^^, Qf} ) 
generating bosonic (fermionic) flows of the hierarchy under consideration have the following 
length dimensions: 



& = = [Ui] = m = -I, [Df] = [Qf] = -l + l- (7) 



^Hereafter, we explicitly present only non-zero brackets. 
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We would like to stress that the flows Df^} form the hierarchy which is usually called 



the N = 2 supersymmetric KP hierarchy. Therefore, the flows {t/; , Ui, Ui, Qi} when added 
to the N = 2 KP hierarchy, produce an extended hierarchy possessing a richer algebra structure. 

In order to understand deeper what is the extended hierarchy we have in fact obtained, let 
us calculate its algebra of flows. One can use a supersymmetric generalization p6|, of the 



Radul map |28l] which is a homomorphism between the algebra of flows we are looking for and 



the algebra of the operators 



N, and A^, 



d 



dt 



k+l-l 



The resulting algebra is: 
^+2 ' 



dt 



k+l-l 



u,. u, 



±u 



k+h 



, [Uk^Uf 


= TUk+i 


5 


[Uk, 


Ui 


= 2{U^^, - U^^, 


Ut , Df 




Qk+li 




Qf_ 




^k+li 










Qf 




^k+b 


Uk , 















(9) 



(10) 

and its realization is given in the appendix. 

A simple inspection of the superalgebra (P-p!0|) shows that the flows U^, Uq, Uq, Df and 
Qf form the N = A supersymmetry algebra including its gl{2) automorphisms. This invariance 
algebra forms a finite-dimensional subalgebra of the superalgebra (|8|-|T0D- Due to this reason 
the extended hierarchy can be called the N = 4 supersymmetric KP hierarchy. 

To close this section let us only mention that a similar approach with respect to the = 1 
supersymmetric dressing operator was developed in [B^ , and as a result N = 2 supersymmetric 



flows were derived. In [27| the corresponding supersymmetric hierarchy was called the maximal 



SKP hierarchy, and it includes both Manin- Radul 29 and Mulase- Rabin [pG, 31] hierarchies. 



3 Hint for the N=4 KP reduction: zero-curvature repre- 
sentation of the N = (2 1 2) superconformal Toda lattice 

In this section we derive the Lax operator generating the bosonic flows of the supersymmetric 
Toda chain hierarchy using the zero- curvature representation of the = (2|2) superconformal 
Toda lattice equation. 

One starts from the two-dimensional = (2|2) superconformal Toda lattice equation 

D_D+ln6, = 6,+i (11) 

written in terms of the bosonic A^ = (1|1) superfield bi = bi{z^ ,6^; ,6^) defined on the 
lattice, i G Z, and D± are the A^ = 1 supersymmetric fermionic derivatives in the right and left 
chiral subspaces (2^,6'''^), 

{D±,D±} = +2d±, D± = -^ + d^d±. (12) 

Eq. ( pUD can be rewritten in the form of a system of two equations [||] 

D.fi = h + bi+i, D+ In h = fi- fi.i (13) 
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which admits the zero-curvature representation 



{D+-Ae+ , D_-Ae-} = Q (14) 

with the fermionic connections 

{Ae+)ij = fiSij + iAg-)ij = -fej^ij+i, (15) 

where /j = fi{z'^^9^\z~,9~) is a fermionic = (1|1) lattice superfield. One can define the 
bosonic connections Az± by 

d+ + = {D+ - Ae+)\ d. + A,- = {D. - Ae-f. (16) 

They exphcitly read 

{A;,-)ij = D^bi5ij+i - bibi^i5ij+2, {Az+)ij = -D+fi5ij + {fi - fi+i)5ij-i - 5ij-2 (17) 
and due to (H) obviously satisfy the zero-curvature condition 

[a_ + Az- , d+ + = (18) 
which is a consistency condition for the following linear system: 

{d. + A,-)^ = X^, (19) 

(9+ + A,+ )^ = 0, (20) 

where \1/ = is the lattice wave function and A is a spectral parameter. Taking into account 
the first relation of eqs. (p!6D, equation ( pO]) can equivalently be rewritten in the following form: 



{D+-Ag+)^ = 0. (21) 

The linear system (0), (0) is a key object in our consideration. 

Now, let us consider a consistent reduction to a one-dimensional subspace by setting 

d-=d+ = d (22) 

which leads to the supersymmetric Toda chain. Then, in order to derive the Lax operator we 



are looking for, we follow a trick proposed in and express each lattice function entering the 



spectral equation (^) in terms of lattice functions defined at the single lattice point i using eqs. 
([I3|) and (|2l|) . Taking into account also the reduction condition (0), we obtain the following 
resulting spectral equation 

{D. + ^ hy^, = A^,. (23) 

For each fixed value of i, it represents the spectral equation of the differential supersymmetric 
Toda chain hierarchy, i.e. the hierarchy of equations involving only the superfields hi, fi at a 
single lattice point. The discrete lattice shift (i.e., the system of eqs. (p!3D) when added to the 
differential hierarchy, generates the discrete supersymmetric Toda chain hierarchy p|. Thus, 



4 



the discrete hierarchy appears as a collection of an infinite number of isomorphic differential 
hierarchies |]32[| . 

It is well known that a spectral equation is just an equation for a Lax operator. For a fixed 
value of i one can omit the lattice index in the spectral equation (|23|) , and it is obvious that 
the operator 



1 



(24) 



entering eq. (pSf ) is the Lax operator which is responsible for the bosonic fiows of the differential 
hierarchy. It can be simplified in the new superfield basis {vi,Ui} defined as 



bi=UiVi, fi = D+\nVi 



(25) 



in which the system (p!3| ) takes the form of the = (1|1) supersymmetric generalization of the 
Darboux transformation ilH 



Ui+i = — , D_D+Invi 

Vi 



and the Lax operator (0) is 



-1„,\2 



L = {D_ + vD-'u 



(26) 



(27) 



This Lax operator will be used in the next section to construct a consistent reduction of all 
other fiows of the = 4 supersymmetric KP hierarchy. 



4 Reduction: bosonic and fermionic flows 

In this section we consider a reduction of the = 4 supersymmetric KP hierarchy which is 
inspired by the Lax operator L (|27|) and preserves its algebra of fiows (§-[lO|). 

Keeping in mind the results of the previous section and equation (pT]), let us introduce the 
following constraint on the operator (§) 

= C = D_ + vD-\, (28) 

where C is the square root of the operator L in eq. (0). The operator C possesses the following 
important properties^: 



21—3 

(£2a-i))_ _ ^ {C^'-'-'v)D-\{C''fu), 1 = 0,1, 2..., (29) 

k=0 



2(1-1) 21-3 
fc=0 k=0 

^Let us recall the operator conjugation rules: = —D±, [OP)^ = {—1)'^"'^^P'^0^, where O (P) is an 
arbitrary operator with the Grassmann parity do (dp), and do—0 {do = 1) for bosonic (fermionic) operators 
O. All other rules can be derived using these. Hereafter, we use the notation (Of) for an operator O acting 
only on a function / inside the brackets. 
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which can be proved by induction in a similar way as analogous formulae in the bosonic 



and = 1 supersymmetric |3J] cases. As one can see from eq. (^Of ), even powers of L contain 
only the operator (and not DS) and are in some sense A^ = 1 like. Moreover, formula ([29| ) 
coincides with an analogous formula in the A^ = 1 supersymmetric case [0. 

Substituting the expression for U[ in terms of the dressing operator W into constraint 
(|28|) , it becomes 



(31) 



and gives an equation for W which can be solved iteratively with the following unique solution 



W 



^ -D-\ 



n=l 



UV 



(0) 
Wi ' 



-Dz\vD+u + uvDz\uv)), 



W2 



i'^^ = -Dz\vu ' + uvD+DZ^{uv)) + {DZ^{uv))Dz\vD+u + uvDz\uv)), 



(32) 



Replacing by W in eqs. (H) one can obtain the reduced operators M^, Nj^, Ni and Ni as 
well. As an example, we present a few terms of the series in Dz^ in the case of Lf, 



L+ = WD+W 



-1 



(0)n 



.(+) 



,(+), 



,(+) 



+ 2w[-'^wf^)D-' - {{D^w^^^ - wi'-^wf^)) - {D+w^^^y)D-' + . . . , (33) 
where the functions w^*^-* and w!^^ are defined in eqs. (^). The following obvious relations: 



2d^L2 , 



21 



(34) 



together with the relations (^ are useful at calculations. 

The most complicated task is to construct a consistent set of Sato equations for the reduced 
W generalizing the unreduced equations (||) and preserving their algebra structure (ISHTOl). A 
priori, it is completely unclear whether such equations exist at all. Moreover, there are still no 
algorithmic methods to construct them. Recently, a similar task was carried out in ||3^ for some 
reductions of the Manin-Radul A^ = 1 supersymmetric KP hierarchy |2^, and we use some of 
the ideas developed there. We succeeded in this construction only for the reduced Uj^, 
Df, and Qf flows. Nevertheless, at the end of this section we propose a heuristic construction 
which allows the remaining Ui and Ui flows of the reduced A^ = 4 KP hierarchy to be restored 
as well. 

The resulting Sato equations have the following form: 



(L+_i)_>V, DrW = 
(M2+_i)-W, QTW = 



-((A^r)--A^27+i)>v, 



-((^2"/-l)- - 

-((M27_i)- 



g+w = -(M2+_,)_w, grw = -m2i-i)- - M27_i)>v, 

where new operators L2i_i, M^2/-i N21-1 have been introduced. 



(35) 
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_ 1-2 21-3 

k=0 

21—3 
fc=0 

_ g(^2a-.-2)^)^-l((^2.+l)T^) + ^^_Z-,_„ (38) 
A;=0 

which are necessary for the consistency of the equations. The flows can easily be rewritten in 
the Lax-pair form, 

i-C = -[{L-,).,C] = [{L,,U,C], (39) 

DTC = -mi_,)_ - L,,_,, C} = + L^i_,, C} - 2L^\ (40) 

Q\L = -{(M+_i)-, C} = {(M+_i)+, C}, 

Q^C = -{(A/27-i)- - M,^_„C} = {(A/27-i)+ + M-^_„C}, (41) 
U^C = -[{N^UC] = [{Ni'U,C], 

UrC = -[{Nn- - N,,^„ C] = l-Nr + (iVr)+ + iV-^^, £], (42) 

and lead to the following flow equations for the superfields v and u: 

= {{L^i)+v), §-u = -{{L^i)lu), 
Dfv = mi-i)+v). ^Dfu = -((L^Vi)^^), 
Dfv = (((^2i-i)+ + L21-1 - 2L:^i_^)v), 

Qfv = mti-i)+v), Qiu = -((A4_i)^n), 
Qr^ = (((M27_i)+ + M27_i)t;), 
Qiu = -{{{M^,_,)l + {M,,^,f)u), 
U^v = {{KUv), U^u = -{{K)lu), 
Urv = {{{Nr)+ + N^i^~2Nr)v), 

Ufu = + (N^i+i - m'f)u), (43) 

where the equations (^^-|30D have been used. 



k=0 

M21-1 = 
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Using eqs. (^) for the bosonic and fermionic flows, we present for illustration the first fewQ, 





_d_ V 



d 




= +v" + 2uv{D+D^v) - (D+D^v^u) - v^{D+D^u) + 2v{uvf, 
J-M = -u" + 2uv{D+D_u) - {D+D_u\) - u^{D+D_v) - 2u{uvY, (44) 

D^v = -D±v ± 2vD-\uv), Dfu = -D±u T 2uD-\uv), 
Dfv = -D±v ' ± 2v 'D-\uv) ± {D±v)D-^D±{uv) ± vD'^luv ' + {D±v)D±u], 
Dfu = +D±u ' ± 2u 'D-\uv) ± {D±u)D~^D±{uv) ± uD-^[vu ' + {D±u)D±v], (45) 



(46) 



U^v = ]^v-d^{D^vT'^vD-^{uv)), U^u=]^u-e^{D^u±2uD-^{uv)). (47) 





The flows (|4^-^6D reproduce the one- dimensional reduction of the flows of the two-dimensional 
= (1|1) superconformal Toda lattice hierarchy derived in 0. 

As it was already announced at the beginning of this section, now we would like to briefly 
discuss the construction of the remaining two series of the = 4 KP flows, i.e. Uk and f/^, for 
the reduced hierarchy. This construction is based on the very simple and obvious observation 
that the flrst two commutation relations of the subalgebra (^ of the algebra (P-pHj) can be used 
to construct the flows Uk and [/fc for /c = 1, 2, . . . in terms of the flows already known and 
presented in eqs. (HSF) as well as the flows Uq and Uq 



43) as well as the flows Uq and Uq 

Uqv = -e+{D_v + 2vDl^{uv)) - e-{D+v - 2vDZ 
Uqu = -e+{D^u - 2uD-\uv)) - e-{D+u + 2uDl 



^Z^{uv)), (45 




r(D+ + Q+)-0+(D_ + g_ 




(49) 



which were derived by brute force in order to satisfy the algebra (P|-[T(]|). Therefore, due to 
existence of the flows Uq and Uq (^8 H49|) , the flows Uk and f/^ for A; = 1, 2, . . . can indeed be 
obtained, and they explicitly read: 



Uk 



Ua , [/^ 



u, 



(50) 



We would like to close this section with a few remarks. 

First, a simple inspection of eqs. (^) shows that the reduced flows differ from the A^ = 4 
KP flows in that almost all flows except the bosonic flows ^ are nonlocal (for an example, see 



eqs. (II), (I^H) 



Nonlocal fermionic flows of supersymmetric KdV, GNLS and Toda type 

1| (see also the quite recent paper 



systems were discussed also earlier in |3^, ^ 



^We have rescaled some evolution derivatives to simplify the presentation of some formulae. 
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Second, the flows Uq, Uq, Uq, Df, Qf} forming tlie = 4 supersymmetry algebra 

are non-locally and non-linearly realized in terms of the initial superfields v and u. However, 
there exists another superfield basis {v, u}, defined as 

{v, u} =^ {v = vexp[-D-^Dz\uv)], u = uexp[+D-^Dz\uv)] }, (51) 

which localizes and linearizes the = 4 supersymmetry realization which becomes now 

Uo = - {e+D_ + e-D+), Uo = ^{9-{D+ + Q+)-e+{D_ + Q_)). (52) 
However, in this basis the even flows -J- for / > 2 are nonlocal. 

' dti — 

Third, the flows Qf" for / > 2 as well as the flows U^, Ui and Ui in eqs. (^) and (^) are 
obtained at our knowledge for the flrst time together with the Lax-pair representation of the 
whole hierarchy. 

Let us flnally stress that, contrary to all known Lax operators used before in the literature 
for the description of integrable supersymmetric systems in the N = 2 superspace, the Lax 
operators proposed in this section are not invariant with respect to the t/(l)-automorphism of 
the N = 2 supersymmetry. We will return in section 7 to the discussion of consequences of this 
important difference. 

5 Discrete symmetries, Darboux-Backlund transforma- 
tions and solutions 

In this section we discuss flnite and inflnite discrete symmetries of the reduced hierarchy, and 
use them to construct its solutions and new Lax operators. 

Direct veriflcation shows that the flows (H4|-B9|) admit the four involutions: 



{tp,U^,Up,Up,D^,Q^r = (-i)P~\t„-U^,-U„-Up,D^,Q^), (53) 
itp,U^,U„U„D},Q^y = i-iy-\t„-U^,-U„U„D;,Q;), (54) 

iv,uy = iv,u), iz,e^y = iz,±e^), 
{tp, u^, Up, Up, D^, Q^y = (tp, u;, -Up, Up, ±d;, ±gj), (55) 

u' = wexp [+{d+{D-J - Q-J) - 9-{D-^ - Q^'y{uv)], 

{z, e^y = -{z, e^), {tp, u^, Up, Up, d^, q^y = {-mtp, f/±, Up, Up, -qJ, -dJ) (56) 

which are consistent with their algebra (0), (|^-[TD|). 
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It is a simple exercise to check that all the flows (p9|-^) (or ( P3| ) ) also possess the involution 

(57) 



(|53|) , using the following involution property of the dressing operator W 
resulting from eq. (pTI) and its consequences 



-±\* 



1(1+1) 



-V. 



1(1+1) 



±\T 



1(1+1) 



±\T 



(L^i-.r = i-lYiki-if, {M^i-iY = {-iy{M,-,_,f, (iV,7_J* = (-l)'(iV-„J^ (58) 



for the operators entering eqs. (|39|-p2D. As regards the involutions (|5^-p6D, we do not have a 
direct proof that they are symmetries of all flows due to the complicated transformation prop- 
erties of the dressing operator. Fortunately, a simple proof can be given using the recurrence 
relations (|98D , to be derived later. We return to this question in section 6 (see the paragraph 
after eq. (0)). 

Beside involutions (^3|-|56D, flows (|4^-^9D possess the inflnite-dimensional group of discrete 
Darboux transformations 



1 



uv 



(59) 



(f, u)^ = ( v{D^D+\nv 

which may be written on the Lax operator C ( pHj) a^: 

= -TCT-\ T = vD+v-\ (60) 

to the Lax operator £ (P5|) one 



Applying involutions (|5B|-|5B[) and the discrete group 
can derive other consistent Lax operators 



(61) 



generating isomorphic flows. C^^'^'^ is obtained from C by applying j times the discrete trans- 
formation (|0D, e.g. £(31) ^ {{Ct)t)t^ cm) = c. 

One can construct an inflnite class of solutions of the reduced hierarchy under consideration 
generalizing the results obtained in for the bosonic and fermionic flows ^ and Df. These 
results are based on the discrete Darboux symmetry (^), and we present their generalization 
with brief comments referring to for details. 

The simplest solution of the hierarchy is: 

u = 0, (63) 

then the bosonic and fermionic flows for the remaining superfleld v = —Tq are linear and have 
the following form: 

^ro = 9S, D^To = -D^d''-\, Qtro = Q±d^~W (64) 

^For the reduced Manin-Radul = 1 supersymmetric KP hierarchy the Darboux-Backlund transformations 
were discussed in Q (see also references there). 
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U^r, = i e^]d\o, Urn = - ( 9+D_ + d-D+ )9Vo, 

UkT, = i ( r (D+ + Q+) - + Q_) )d\o- (65) 

To derive these equations it is only necessary to take into account the length dimensions (|^) 
of the evolution derivatives, their algebra (^HlO|) and the invariance of all flows dH-H) with 
respect to the following U{1) transformations 

( f , u) => ( exp f , exp u ) (66) 

(consequently, only linear equations for v are admissible at m = 0) which is obvious due to the 
invariance of the reduction constraint (^Tj). 13 is an arbitrary parameter. 

Here, in order to simplify formulae, we restrict the analysis of the whole hierarchy to the 



case when only the flows -D^, Q^} are considered. Then, using the realization ( |A.1|) of the 



appendix the solution of eqs. (|6^ ) is 

To = JdX dr]+ dr]. (p{X,T]+,r]^) 

CX) oo 

X exp{xA- Y: vJ'^+Y: [tk+ E {Vai0k - P^)A-^ + 0^(9-, + pI) - 91 E PnA""^)] 

«=± fc=l a=± n=\ 

where (/? is an arbitrary function of the bosonic (A) and fermionic (?7±) spectral parameters with 
length dimensions 

[A] = -1, \r}^\ = (68) 

Applying the discrete group ( |5D| ) to the solution constructed {u = 0, v = —tq}, an infinite 
class of new solutions of the hierarchy is generated through an obvious iterative procedure [0 

^({2i+m) ^ I ( lyi ^(2(i+m) ^ ( 

^{(2,+i)t) ^ „(20-+i)H ^ J = 0,1,2,..., (69) 

'^2j T2j 



where the Tj are| 



T2j - Sdet(^ df^+W+To d^+'^D+D^TQ 



-j-Q \ 0<p,q<j 



0<k,m<j-l 



0<fc,r?i<j 



6 Hamiltonian structure 

In this section we construct local and nonlocal Hamiltonians, the first two Hamiltonian struc- 
tures and the recursion operator of the reduced hierarchy. 



A B 

^ The superdeterminant is defined as sdet ( ^ ^ ) = Aet{A — BD^^C){det D)~^ . 
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Let us first present our notations for tlie N = 2 superspace measure and delta function 



dZ = dzdO+dQ-, 5^=2(Z) = e+e-5{z), (71) 
respectively, as well as the realization of the inverse derivatives 

Dg' = D±d-\ Ql' = -Q±d;\ d:' = - / dxe{z - x), 

e{z — x) = — e(x — z) = 1, if z > x (72) 
which we use in what follows. We also use the correspondence: 

= {^^U^ ^UuUuDf ,Qf} ^ H'i = {H\,Hf^ .Hf ,Hf^ (73) 



between the evolution derivatives and Hamiltonian densities Hf. Consequently, the last 
ones have the length dimensions: 



m = [nn = [nf] = [nn = -I, [nn = [nf] = -1 + ^- (74) 

The length dimensions of the Hamiltonian if", 

^ J dZni (75) 

and its density Til coincide because the N = 2 superspace measure has zero length dimension, 
[dZ] = 0. 

Let us next discuss a proper definition of the residue for the class of pseudo-differential 
operators generated by powers of the Lax operators proposed in section 4. As we already 
mentioned, even powers of our Lax operator C (^) look like pure N = 1 supersymmetric 
operators, since they do not contain the operator D_ (see paragraph after eq. (|30|)). Due to 
this reason it seems reasonable to suppose that the residue have to coincide with the residue 
usually used for an = 1 supersymmetric pseudo-differential operator, i.e. with the coefficient 
of the operator . Remembering that this coefficient, when integrated over the = 1 
supersymmetric measure dZ^ = dzd9+, has to be actually N = 2 supersymmetric as the 
hierarchy we started with, it should necessarily admit a representation in the form of the 
operator D_ acting on a functional F{z,6^,6_) of the superfields v and u of the hierarchy. 
Indeed, in this case the equality / dZ+{D^F){z, 9^, 0) = / dZF{z, 9+, OJ) is obviously vahd just 
due to the standard definition of the N = 2 superspace integral and, consequently, as a result 
we obtain an A^ = 2 supersymmetric object. Taking into account these heuristic arguments we 
define the residue of a pseudo-differential operator \1/ with respect to the fermionic covariant 
derivative according to the rule: 

^ = ... + (D_res(^))D;^ + ... (76) 

which will also be justified a posteriori. Then, bosonic and fermionic Hamiltonian densities can 
be defined as: 

nj^resiL,,), (77) 
^ resiN^), ^ res{N^ - A^^+J, (78) 
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Tit = res{Lli_-^), Hi = res{L^i_^ - L^i_^), (79) 

n+^res{M^,_,), Hi ^Tes{M^,_,-M,i^,). (80) 
Let us underline that all the operators generating the flows (^) are included into these formulae. 



Using these formulae and the relations (p9|-|30D one can derive the general formulae for the 
Hamiltonians if/, , and H^' in terms of the Lax operator £, (^) modulo inessential 
factors^: 



2«-3 



fc=0 
21—3 

Hf = [ dZDz''''^\c^^'-'^-''v)i{C''fu), 

•' k=0 

_ 2{i-l) 

El = / dZDZ^ E {-l)''{C^^''^^'''v){{C'' fu). (81) 

k=0 

We present, for example, the following explicit expressions for the first few bosonic, 

H{ = J dZuv, Hl = j dZuv ', 
Hl = J dZ [uv" + vu[u{D+D_v) - v{D+D_u)] + '^{uvf ], (82) 

H^^ = J dZ l^uv- e^{vD^u T vuDg\uv)) ], (83) 
= J dZ [ e+{vD_u - uvD-\uv)) + e-{vD+u + uvDz\uv)) ], 

hY = Jdz^u[ e-{D+ + g+) - e+{D^ + g_) ] v, (84) 



and fermionic, 



= Hf = / dZDz'iuv), (85) 



H^^ = JdZ [ T vD^u + uvD^\uv) ], H^^ = J dZvQ^ 
H^^ = J dZ [ T vD^u ' + 2vu 'Dg^{uv) + v{D^u)Dz}D^{uv) ], (86) 



^Let us recall that Hamiltonian densities are defined up to terms which are fermionic or bosonic total 
derivatives of an arbitrary functional f{Z) of the initial supcrficlds which, however, should satisfy the following 
constraint: f{+oo, e+,0-) - /(-cx), 9+, 0-) = 0. 
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Hamiltonians|]. The Hamiltonians and (p^ ) were found out by hand so that they are 
conserved quantities with respect to the flows ^ @)- In eqs. (|86| ) the Hamiltonians derived 



from eqs. ([79|-|80|) are presented as a combination of the linearly independent Hamiltonians of 
the basis (|73D . 

Let us stress that the Hamiltonians in eqs. (|77|-p0|) are only conjectured to be conserved 
under the bosonic flows -§r (^). This conjecture was checked for a few of them under the 



explicit flows 

It is well known that a bi-Hamiltonian system of evolution equations can be represented as: 

d^[u J'-^'y 5/5u ) ^'+1 - ^2 1^ 5/5u ) ' ^^^^ 

where Ji and J2 are the first and second Hamiltonian structures. In terms of these the Poisson 
brackets of the superfields v and u are given by the formula: 

^ ( 1(1) ) ' ( ^(^2),t.(Z,) )}, = UZ,)6''=\Z, - Z,). (88) 



Using the flows (p^-^OD and Hamiltonians (p^-p6D, we have found the first 



and second 



J, 



2 



Jii J12 
J21 J22 



Jii = +vD-^vD^ - {D^v)D^\ - 2vD^\vD-^v 

J22 = +uDzhiD+ - {D+u)DZ^u - 2uDZ^uvDZ^u 
-uD-^uD_ + (D_?i)L);^?i - 2uDl^^ivDl^u, 
J12 = d+ {D_,vD-^u} + 2vDl\vDl^u- {D+,vDZ^u} + 2vDZ^uvDZ^u, 
J21 = a + uDZ^v} + 2uDZ^uvDZ^v - uD-^v} + 2^iDl^uvDl^v (90) 

Hamiltonian structures of the hierarchy. 

The Jacobi identities for the first Hamiltonian structure Ji (ISO) are obviously satisfied. The 



second Hamiltonian structure J2 ( pOD is a very complicated, nonlinear and nonlocal algebra, 
and due to this reason it is a very nontrivial, technical task to verify its Jacobi identities. It 
becomes a simpler linear algebra in terms of the original Toda-lattice superfields h and / (|25D 



h = uv, f = D+\nv. (91) 

The corresponding Hamiltonian structures J^'''^^ and J2''^^ can be expressed via Ji and J2 
(|89|-pOD by the following standard relation: 

jr-Fj,F-, ;;), 02) 



^When deriving eqs. (|8l[-]86|) we integrated by parts and made essential use of realizations (|7j) for the inverse 
derivatives and of the relationship Q± = D± — 29^d. We also used the following definition of the superspace 
integral: / dZf{Z) = J dz{D+D-f){z, 0,0). 
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where F is the matrix of Frechet derivatives corresponding to the transformation {6, /} ^ {v, u] 
dl]). One finds: 




"^1 - I n n I ' ^2 - I jibj) j(bj) 



jJi'^^ = +dh + hd, 

^2'^) = -dD+ + D_b + D+bD+Dz' + iD+f)D+, 
J^/^ = +dD+ + bD_-D+Dz'bD+ + D+{D+f), 

4^'^^ = -2D^D+ + 26 - 2(D_/) + [(£>+/), D+DZ^] - 2D+DZ^bD+Dz\ (93) 
The Jacobi identities for 4^''^^ ( p3l) are still very complicated, and we have only verified the 



consistency of the Jacobi identities^ {b, b, /} and {b, f, /}. Taking into account that J2 correctly 
reproduces all the flows explicitly derived, it is natural to expect that the most complicated, 
remaining Jacobi identity {/, /, /} is satisfied as well, but we cannot present a proof here. One 
more argument in the favour of this expectation is given by the secondary reduction of 4^''^^ 



(see section 8) which coincides with the N = 2 superconformal algebra ( 126 ). 



Using equations (^^, ( |57D and (P^), we obtain, for example, the 0-th fermionic flow, 

D^v = vO^, D^u = -uO^. (94) 

Knowledge of the first and second Hamiltonian structures allows us to construct the recur- 
sion operator of the hierarchy using the following general rule: 



R = hJ^' - T I ^ = . (95) 





J12, 


-Ju ] 


d , 






V J22, 


-J21 J 




::) 




9r" 




Ji+1 = R'Ji. (96) 



The Hamiltonian structures and ^2^''^'* ( pSf ) (and, consequently the original Hamiltonian 

structures Ji and J2 (p9| -pO|) ) are obviously compatible: the deformation of the superfield / =^ 
f + 7^^, where 7 is an arbitrary parameter, transforms 4''''^^ into the Hamiltonian structure 

jf^+^^") = jf'^)+7jf'^). (97) 



Thus, one concludes that the recursion operator R ( p5| ) is hereditary as the operator obtained 



from the compatible pair of Hamiltonian structures 



Applying formulae (^) we obtain the following recurrence relations for the flows: 

a^^v = +£,v ' + {-lY^^vD-^^n^- + [{D_v) + v{D-^uv)]Dl'^M\ 
+ [-ifr^vDZ^i^n^^ - \{D^v) - v{Dz'uv)]Dz'^n{, 
^ -u = -^u ' - uDz'^aK^ - [{D+u) + u{Dz'uv)]Dz'£^n\ 

- (-lY^^uD-'^n^ + [(D^u) - uiD-\v)]D-'^n\ 

- 2uD-'D^^n\, (9J 



^The Jacobi identity {b, b, b} is satisfied because the restriction of tlie Poisson brackets to the superfield b 
forms the classical Virasoro algebra. 
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where dr<^ is the Grassmann parity of the evolution derivative and 



n\ = uv, = TvD^u + uvDg^{uv) 



(99) 



are the densities of the Hamiltonians Hi (|82|) and (|86D , respectively. 
Taking into account the involution properties 



in 



±n 



(100) 



of the Hamiltonian densities IH^ and 1^2^ ([99|), one can verify that the recurrence relations 
( PSP possess the involutions (|55|-pBD. Together with the fact already verified in section 5 that 
the first flows (]4^-^9D also admit these involutions, one can conclude that all the flows of the 
hierarchy under consideration admit them as well. 

Using eqs. (|98|), we obtain, for example, the 3rd bosonic flow 



dt3 



u 



V "' - 3{D+v) '{D^uv) + ?,{D^v) \D+uv) - 3v \D+u){D^v) 
+?,v \D^u){D+v) - Qvv '{D+D^u) + 6{uvfv 
u "' - 3{D^u) '{D+uv) + 3{D+u) \D^uv) - 3u \D^v){D+u) 
+3m \D+v){D_u) - Quu \D_D+v) + Q{uv)\ ' 



(101) 



which coincides with the corresponding flow that can be derived from the Lax-pair representa- 
tion (H). 

Let us end this section with the remark that due to the local nature of bosonic flows (|39| ) 
and the relation 



= Dz}n\ 



(102) 



(see eqs. ( ^2]) and (0)), the evolution equations for 1-L\ with respect to the bosonic times U 
should admit the following very special, important representation: 



^n\ = h\'^' + D^D.h 



I 1 



(103) 



where h^P and hY' are some local functions. We have explicitly checked it for the first few 
values of / and observed that 



,(2) 



(1) 



Hi h 



(2) 



njt njt 



(104) 



modulo an inessential factor and total derivatives. We also analyzed a similar construction of 
fermionic flows (|45|) and derived the following formula: 



Dfnl = -Hi 



(105) 



These formulae are conjectured to be valid for any value of /, consequently the flows (p8| ) allow 
the bosonic and fermionic Hamiltonian densities 7i* (^) and Tif ([79|) to be constructed using 
eqs. ( |103| - |105| ), i.e. almost all information about Hamiltonians and flows is encoded in the 
recursion operator (|95|). 
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7 ?7(l)-symmetric basis 



In this section we introduce a new basis of the algebra of flows (P HTOl) , find f/(l)-automorphism 
transformations for all reduced flows, and applying these transformations derive a new Lax 
operator. 

It is instructive to introduce the new basis 

{D±, Q±, Df, Qf, u, v} =^ {D, D, Q, Di,Di,Qi,Qi, ^ u, ^ v}, (106) 



1 _ 1 



Q = ^{Q_ + zg+), Q= (Q_- ^g+), 



Qk = ^{Qu + ^Qt). Qk = ^{Qk - iQt) (107) 

in the algebras (§) and (|^) which now become: 

{D,D} = +2d, {Q,Q} = -2d, (108) 

{Dk,Di} = -2- , {q,,qA = +2- , (109) 

respectively, where i is the imaginary unity. Then, the first bosonic and fermionic flows from 
eqs. (|1-HB|) and recurrence relations (pSD become 



*i:j-n^]- '^'(^"j^n^j- ^'i^j^^i^j- 

Div = -Dv - 2vd'^D{uv), D^u = -Du + 2ud-^D{uv), 

D^v = -Dv + 2vd'^D{uv), Diu = -Du - 2ud'^D{uv), (110) 



^ -V = +jB,V 



- [(Dv) + v{d~^Duv)]d-^D£^{uv) + [{Dv) - v{d~^Duv)]d-^D^{uv), 



- (-l)'^-" [ud~^D^{uDv - uvd'^Duv) - ud'^D^iuDv + uvd'^Duv)] 

+ [{Du) + u{d'^Duv)]d~^D^{uv) - [{Du) - u{d-^Duv)]d-^D^{uv), (111) 



respectively, and their simple inspection shows that they admit the U{1) automorphism of the 
N = 2 supersymmetry algebras (jTUSHTU^) hidden in the former basis, 

(-) =^ (-) 

{D, Q, A, Qi) =^ exp(+20)(D, g. A, Qi), 

{D, g. A, Qi) =^ exp(-^0)(A g, a, Qi), (112) 
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where is an arbitrary parameter. Consequently, all higher flows admit this automorphism 
as well. Without going into additional technical details let us also present the corresponding 
?7(l)-transformations for the remaining bosonic flows of the hierarchy 

(f/+ + f/r, ui) =^ {ut + ur, ui), 

{U^ - Ur ± lUi) =^ exp {T2i(j)) {U^ - Uf ± tUi). (113) 

As we already mentioned at the end of section 4 the Lax operator C (|28|) is not invariant with 
respect to U{1) transformations, therefore applying these to C one can derive the one-parameter 
family of consistent Lax operators 

C =^ = coscp C + sincp C* (114) 

which generate isomorphic flows, where C* is defined in eq. (|6T|) . 

For completeness, we present also the explicit expressions of the first and second Hamiltonian 
structures in the special superfield basis 

{u, v} =^ {b = iuv, 6 = (lnt>)'}, (115) 

where they possess both a manifest N = 2 supersymmetry and form linear superalgebras, 

(6,6) _ ( d\ (6,6) _ / jJi'''^ j(f ^ 



'^1 — An' ^2 



dor ^ I /{b.f') Ab,b) 

= +db + bd, 

jjf) = -d^ -DbD + DbD + bd, 
= + DbD - DbD + db, 

= +[D,D]d-2DbD-2DbD + {Db)D-(Db)D-{[D,D]d-^b) d. (116) 

The last superalgebra is minimally nonlocal: it contains only a single term with an inverse 

derivative in the J22'''' component. It seems that there is no superfield basis where it is possible 
to avoid this nonlocality. It would be interesting to clarify its origin in the framework of 
Hamiltonian reduction of affine superalgebras, but this question is still unclear now. 



8 Secondary reduction: the N = 2 supersymmetric 
a = —2 KdV hierarchy 

In this section, by means of a secondary reduction, we establish a relationship between the 
= 4 Toda chain and N = 2, a = —2 KdV hierarchies. 

Let us study the secondary reduction of the iV = 4 Toda chain hierarchy considered in the 
preceding sections. With this aim, we impose the following secondary constraint^ on the Lax 
operator C (^): 

C'^ = D+CD-^ (117) 

^See also refs. |3^, where the similar reduction of the Manin-Radul |^ and Mulase- Rabin |30[ ^ 

N = 1 supersymmetric KP and KdV hierarchies has been discussed. 
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which can easily be resolved in terms of the superfield v entering 

v = l. (118) 
Then, the reduced Lax operator C'^'^'^ becomes 

C^^^ = D_ + D-\. (119) 
The condition ( p.l?| ) by means of eq. (|3T|) induces the secondary constraint 

{W-Y = D+WD-^ (120) 

on the dressing operator W ( P^ which in turn induces the following secondary constraints on 

-it 



the operators , Mj^, 



{Ltf = {-l)'D^L%D-' 



+ ' 

{Nrf = {-ly^'D^iNr - L^,)D-\ {N^f = {-IYD^N^D-^ (121) 



which are identically satisfied if constraint ( |117| ) (or ( |1 20|) ) is imposed. The following important 
consequences obviously result from eqs. (|121|) : 

(-^2(;2fe-l))o = (-^2(2fc)-l)o = (^2'(2A:-l)-l)o = (^2^-1)0 = 0, /c = 1, 2 . . . , (122) 

where the subscript refers to the constant part of the operators. Consequently, the following 
equations: 

((L±2,_,))+l) = ((L+2fc)_i) + l) = ((M^Vd-J + I) = ((^2Vi)+l) = (123) 

are identically satisfied as well. Using these relations, the involution (^) and the algebra 
structure (PHlO|) we are led to the conclusion that only half of the flows (|43|) are consistent with 
the reduction ( |117| - |118D , and these flows are 

{ oth^ ^2k-i, U2k-i, U2k, Dl, Q^,_, }. (124) 

In order to understand deeper what kind of reduced hierarchy we have in fact derived, let us 
analyze its Hamiltonian structure via Hamiltonian reduction of the first and second Hamiltonian 
structures (|89|) and (|90|) , respectively, of the original hierarchy we started with. It is easier to 
reduce the less complicated expressions (0) in terms of the superfields b, f (^1]). In this basis 
constraint (|118|) becomes 

/ = 0, (125) 

and on the constraint shell the superfield b coincides with the superfield u. 

Let us start with the first Hamiltonian structure (iU)- In this case constraint (|125|) 

is a gauge constraint, and the gauge can be fixed by the condition 6 = 0. Thus, as a result a 
trivial reduced Hamiltonian structure is generated. 

In the case of the second Hamiltonian structure J2^'^^ (|93|), constraint ( |125[ ) is second class, 
and we can use the Dirac brackets in order to obtain the second Hamiltonian structure of the 
reduced system. The result is 

jiDirac) ^ j(u,0) _ j(u,0) jiufi)-^ j(ufi) ^ ^(^QD+D^ - D^uD^ - D+uD+ + 2du + 2ud), (126) 
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where the relations 

= = D^J^^f^ = -dD+D_ + D_hD_ + D+hD+, (127) 

which can easily be read from eqs. (|93|), have been exploited. 



From eq. ( |126| ) we see that the second Hamiltonian structure of the reduced hierarchy coin- 
cides with the N = 2 superconformal algebra, and from this remarkable fact one can conclude 
that the reduced hierarchy should reproduce one of the three existing N = 2 supersjTumetric 
KdV hierarchies @] . In order to establish which, let us derive the third flow ^ of the reduced 
hierarchy by substituting constraint ( |ll(j| ) into equations ( |101| ). Then they become 

J-u = (u" + 3{D+u){D_u) + 2u^) '. (128) 

Now, one can easily recognize that this is the third flow of the so called N = 2, a = —2 KdV 
hierarchy . Thus, the reduced hierarchy is the N = 2 supersymmetric a = —2 KdV hierarchy. 

To close this section we would like to recall that different Lax-pair representations of the 
bosonic flows g^^^ of the N = 2 supersymmetric a = —2 KdV hierarchy were discussed in 
1^ H, [T5|, |2y], its recursion operator has been constructed in P, and the nonlocal fermionic flows 
were analyzed in [^, while their Lax-pair description was missing. Here, as a byproduct we 



derived the new Lax operator ( |119| ) for this hierarchy which leads to a consistent Lax-pair 
representation of both the bosonic and fermionic flows, and obtained the extended series of the 
hierarchy of flows ( [L24| ). 



9 Generalizations 

The hierarchies discussed in preceding sections admit a natural generalization on the non- 
abelian case. Thus, we propose supersymmetric matrix KP hierarchy generated by the matrix 
dressing operator W 

oo 

W^I+Y: rf^ + wi^-^D^ + wi-^D. + w^^^D+D.) d-\ (129) 

n=l 

and its consistent reductions characterized by the reduced operator 

= ID^+vD~\. (130) 

Here, Wn = {wn)AB{Z), v = VAa{Z) and u = UaA{Z) {A,B = l,...,k; a,b = 1, . . . , n + m) 
are rectangular matrix- valued superflelds, respectively, and I is the unity matrix, / = 6a,b- In 
( |130| ) a matrix product is understood, for example {vu)ab = J2atT ''^Aa'U'aB- The matrix entries 
are bosonic superflelds for a = 1, . . . ,n and fermionic superflelds for a = n + 1, . . . ,n + m, i.e., 
VAaUbB = {—^y'''^''UbBVAa, where da and df, are the Grassmann parities of the matrix elements 
VAa and UbB, respectively, da = I {da = 0) for fermionic (bosonic) entries. The grading choosen 
guarantees that the Lax operator L~[ is Grassmann odd PD| . 

The detailed analysis of the corresponding hierarchies is however out of the scope of the 
present paper and will be discussed elsewhere. Nevertheless, let us only present a few flrst 
nontrivial bosonic and fermionic flows in the noncommutative, matrix case (compare with the 
abelian flows (i4|-||) ) 

= +v" + 2{D_, vD+u}v + 2v{uvy, -§^u = -u" - 2{D+, uD_v}u - 2{uvYu, 

Dfv = -D+v + 2{DZ^vIu)v, D^u = -D+u - 2uDz\vu), 

D^v = -D_v - 2vD-\uv), D^u = -D_u + 2I{D-%v)u (131) 
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which are derived using Lax-pair representations (|39|-^0D with ( |130|) and 



{Lt)+ = ID+-2{D-_\vTu)), (132) 

and the matrix I is defined as 

l={-lY'^5ai,. (133) 

To close this section let us only remark that for the particular case when the index A = 1 
the matrix reduced Lax operator ( |130|) becomes the scalar operator generating the reduced 
hierarchy with the n + m pairs of the scalar superfields Va, Ua- In the very particular case when 
the indices A = 1, a = 1 and n = 1, m = the Lax operator ( |130[ ) reproduces the Lax operator 
(|28|) of the iV = 4 supersymmetric Toda chain hierarchy. 

10 Conclusion 

In this paper we have defined the = 4 generalization of the N = 2 supersymmetric KP 
hierarchy and derived its fiows and their algebra in the framework of the dressing approach. 
Then we have analyzed the possibility of viewing the supersymmetric Toda chain hierarchy as 
a reduction of the = 4 KP hierarchy and restored all iV = 4 KP reduced fiows including the 
fiows of the N = 4 supersymmetry. Due to this it is called the N = 4 supersymmetric Toda 
chain hierarchy. Furthermore we have exhibited its finite and infinite discrete symmetries and 
using them derived its solutions and new Lax operators generating isomorphic fiows. Then we 
have explicitly calculated its first two Hamiltonian structures and recursion operator connecting 
all its systems of evolution equations and Hamiltonian structures. Then we have established 
its secondary reduction to the N = 2 supersymmetric a = —2 KdV hierarchy. Finally we have 
proposed a matrix generalization of the = 4 supersymmetric KP hierarchy and described an 
infinite family of its reductions characterized by a finite number of superfields. 
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Appendix 

Algebra (|8HlOD may be realized in the superspace {tk, 9^, p'^,h^,hk,hk} 



d 



d 



Qt 



d ^ ^ d 



(A.l) 



d 



dh 



''k 1=1 

d 



dpk+i 



+ 0, 



d „ d 



Ul-l 



k+l 

d 1 d _ d ^, d d . 
) + n^^^l-^ + mr^^-^>^m:+ ■ 



d 



d 



dpk+i 



d 



k+l 

d 



'k+l ■ 

i , d 



Ul-l- 



1=1 



dhk+i-i ' ' 'dhk+i-i 2 dho 



d d 



k+i-i 



d 



dh 



k+i-i 



(A.2) 



' (^^k+l ' (^^k+l (^Pk+l '^Hk+l 

where tk, h^, hk, hk (^^,Pfc ) are bosonic (fermionic) abelian evolution times with dimensions 



[tk] = H] = [hk] = [hk] = k, [9^] = [p^] = k--. 



(A.3) 



In eqs. ( |A.2| ) we have introduced the functions 

-I CO oo oo 

= 7Tlo{(l + E E ^'^"Mn) exp [+z Y: cT-'ihi - h; 



Ul = 



1 

Ud^ 



k=0 n=0 

oo oo 



m=Q 

oo 



1 + E E ^'^''hkh^) exp [-Z E ^™(^^ - h^n)]} 

k=Q n=0 m=0 
Ul=0, Ui=0, I <0 



(7=0' 



a=0' 



I = 0,1, 



(A.4) 



possessing the folowing properties: 



d 



d 



d 



-Ul-k, 



dxk dxo dxk 
which together with the formula 



Ul 



_d_ 

dXr 



d 



Ql I 

k=0 



-Ul-k, 



n 



dht 



Ul = ±iui. 



d 



dU 



^ui = Tm 



{l-k)\krda'' '^da^ 



(A.5) 



(A.6) 



can be used to check that the generators ( |A.1| - |A.2 | ) indeed satisfy the algebra (^HlO|)- Here, Xk 
is any evolution time from the set {hf,hk,hk} and a, b are arbitrary functions of some argument 
a 



22 



References 



A.N. Leznov and A.S. Sorin, Two-dimensional superintegrable mappings and integrable 
hierarchies in the (2|2) superspace, Phys. Lett. B389 (1996) 494, |hep-tli/9608166| ; 
Integrable mappings and hierarchies in the (2|2) superspace, 
NucL Phys. (Proc. Suppl.) B56 (1997) 258. 

O. Lechtenfeld and A. Sorin, Fermionic flows and tau function of the iV=(l|l) supercon- 
formal Toda lattice hierarchy, ITP-UH-23/98, JINR E2-98-285, |solv-int/9810009| , 
Nucl. Phys. B, to appear. 

J. Evans and T. Hollowood, Supersymmetric Toda field theories, 
Nucl. Phys. B352 (1991) 723; Erratum-ibid. B382 (1992) 662. 

P. Laberge and P. Mathieu, N=2 superconformal algebra and integrable 0(2) fermionic 
extensions of the Korteweg-de Vries equation, Phys. lett. B215 (1988) 718; 
P.Labelle and P. Mathieu, A new N=2 supersymmetric Korteweg-de Vries equation, 
J. Math. Phys. 32 (1991) 923. 

W. Oevel and Z. Popowicz, The bi-Hamiltonian structure of fully supersymmetric 
Korteweg-de Vries systems, Commun. Math. Phys. 139 (1991) 441. 

F. Delduc and E. Ivanov, = 4 super KdV equation, 
Phys. Lett. B309 (1993) 312, |hep-th/9301024l 



S. Bellucci, E. Ivanov, S. Krivonos and A. Pichugin, N=2 super Boussinesq hierarchy: Lax 
pairs and conservation laws, Phys. Lett. B312 (1993) 463, |hep-th/9305078 . 



Z. Popowicz, The Lax formulation of the N=2 SUSY Boussinesq equation, 
Phys. Lett. B319 (1993) 478. 

S. Krivonos and A. Sorin, The minimal N=2 superextension of the NLS equation, 
Phys. Lett. B357 (1995) 94, |hep-th/950408l 



S. Krivonos, A. Sorin and F. Toppan, On the super-NLS equation and its relation with 
N=2 super- KdV withm coset approach, Phys. Lett. A206 (1995) 146, |hep-th/950iT3S . 



F. Delduc, E. Ivanov and S. Krivonos, N=4 super KdV hierarchy in N=4 and N=2 super- 
spaces, J. Math. Phys. 37 (1996) 1356; Erratum-ibid. 38 (1997) 1224, |hep-th/9510033 . 



Z. Popowicz, The extended supersymmetrization of the multicomponent Kadomtsev- 
Petviashvili hierarchy, J. Phys. A29 (1996) 1281, |hep-th/9510T85| . 



F. Delduc and M. Magro, Gauge invariant formulation of N = 2 Toda and KdV systems 
in extended superspace, J. Phys. A29 (1996) 4987, |hep-th/9512"220| . 

L. Bonora, S. Krivonos and A. Sorin, Towards the construction of the N=2 supersymmetric 
integrable hierarchies, Nucl. Phys. B477 (1996) 835, |hep-th/9604T65| . 

H. Aratyn and C. Rasinariu, Manifestly supersymmetric Lax integrable hierarchies, 
Phys. Lett. B391 (1997) 99, |hep-th/9608107t 



23 



F. Delduc and L. Gallot, N=2 KP and KdV hierarchies in extended superspace, 
Commun. Math. Phys. 190 (1997) 395, Holv-int/960900^ . 



E. Ivanov and S. Krivonos, New integrable extensions of N=2 KdV and Boussinesq hier- 
archies, Phys. Lett A231 (1997) 75, |hep-th/9609191| . 



F. Delduc, L. Gallot, E. Ivanov, New super KdV system with the N=4 SCA as the hamil- 
toman structure, Phys. Lett. B396 (1997) 122, |hep-th/9611033i 



E. Ivanov, S. Krivonos and F. Toppan, N=4 super-NLS-mKdV hierarchies, 
Phys. Lett. B405 (1997) 85, |hep-th/9703224| . 

L. Bonora and A. Sorin, The Hamiltonian structure of the N=2 supersymmetric GNLS 
hierarchy, Phys. Lett. B407 (1997) 131, |hep-th/97U4T30| . 



L. Bonora, S. Krivonos and A. Sorin, The N=2 supersymmetric matrix GNLS hierarchies, 
Lett. Math. Phys. 45 (1998) 63, ^olv-int/9711009| ; 



Coset approach to the N=2 supersymmetric matrix GNLS hierarchies, 
Phys. Lett. A240 (1998) 201, Mv-lnt/ 971101^. 



S. Krivonos and A. Sorin, Extended N=2 supersymmetric matrix {1, s)-KdV hierarchies, 
Phys. Lett. A251 (1999) 109, Mv-int/9712002 . 



S. Krivonos, A. Pashnev and Z. Popowicz, Lax pairs for N=2,3 supersymmetric KdV 
equations and their extensions. Mod. Phys. Lett. A13 (1998) 1435, |solv-int/9802003 . 



F. Delduc and L. Gallot, Supersymmetric Drinfeld-Sokolov reduction, 
J. Math. Phys. 39 (1998) 4729, Mv-int/98020T3| . 

E. Ivanov, On gauge-equivalent formulations of N=4 SKdV hierarchy, 
Mod. Phys. Lett. A13 (1998) 2855, ^olv-int/98020]:g . 

F. Delduc and L. Gallot, A note on the third family of N=2 supersymmetric KdV hierar- 
chies, J. of Nonlinear Math. Phys. 6 (1999) 1, ^olv-int/990T0TT . 



S. Stanciu, Additional symmetries of supersymmetric KP hierarchies, 
Commun. Math. Phys. 165 (1994) 261, ^ep-th/ 9309058 . 



M. Takama, Grassmannian approach to Super-KP hierarchies, 
YITP/U-95-23, |hep-th/9506reB| . 

A.O. Radul, Sov. Phys. JETP Lett. 50 (1989) 371. 

Yu.I. Manin and A.O. Radul, A supersymmetric extension of the Kadomtsev-Petviashvili 
hierarchy, Commun. Math. Phys. 98 (1985) 65. 

M. Mulase, A new super KP system and a characterization of the Jacobians of arbitrary 
algebraic super curves, J. Diff. Geom. 34 (1991) 651. 

J. Rabin, The geometry of the Super KP flows, Commun. Math. Phys. 137 (1991) 552. 



24 



[32] L. Bonora and C.S. Xiong, An alternative approach to KP hierarchy in matrix models. 
Phys. Lett. B285 (1992) 191, |hep-th/9204019t 

Matrix models without scaling limit, Int. J. Mod. Phys. A8 (1993) 2973, |hep-th/920904T 



B. Enriquez, A.Yu. Orlov and V.N. Rubtsov, Dispersionful analogues of Benney's equations 
and N-wave systems, Inverse Problems 12 (1996) 241, ^olv-int/9510002| . 

[34] H. Aratyn, E. Nissimov and S. Pacheva, 

Supersymmetric KP hierarchy: "ghost" symmetry structure, reductions and Darboux- 
Bdcklund solutions, J. Math. Phys. 40 (1999) 2922, [5olv-int/980T02Tl ; 



Berezinian construction of super- solitons in supersymmetric constrained KP hierarchies, 
in ^^Topics in Theoretical Physics vol IF Festschrift for A.M. Zimerman, IFT-Sao Paulo, 
SP-1998, pgs. 17-24, |solv-int/980800^ . 

[35] P.H.M. Kersten, Higher order supersymmetries and fermionic conservation laws of the 
supersymmetric extension of the KdV equation, Phys. Lett. A134 (1988) 25. 

[36] P. Dargis and P. Mathieu, Nonlocal conservation laws for supersymmetric KdV equations, 
Phys. Lett. A176 (1993) 67, |hep-th/9301080| . 

[37] E. Ramos, A comment on the odd flows for the supersymmetric KdV hierarchy. 
Mod. Phys. Lett. A9 (1994) 3235, |hep-th/9403Q43| . 

[38] J. C. Brunelli and A. Das, Properties of nonlocal charges in the supersymmetric two boson 
hierarchy, Phys. Lett. B354 (1995) 307, |hep-th/9504030| . 

[39] J.O. Madsen and J.L. Miramontes, Non-local conservation laws and flow equations for 
supersymmetric integrable hierarchies, US-FT/10-99, |Eep-th/9905103| . 

[40] B. Fuchssteiner and A.S. Fokas, Symplectic structures, their Bdcklund transformations and 
hereditary symmetries, Physica D4 (1981) 47. 



[41] F. Yu, Bi-Hamiltonian structure of super KP hierarchy, |hep-th/9109009 



[42] E. Ramos and S. Stanciu, On the supersymmetric BKP hierarchy, 
Nucl. Phys. B427 (1994) 338, ^ep-th/94020"56 . 



25 



